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The following result has apparently been obtained in [2]: If a finite digraph has no circuits of 
length nk + r for n = 0, 1, 2 . . . .  and 0 < r < k, then it has a k-kernel (k >I 2; Riehardson's 
theorem refers to the case k = 2). 
The present note shows that the result is not always valid for k > 2 unless an additional 
condition is imposed, such that the digraph be strongly connected [2]. 
Introduction 
For general concepts we refer the reader to [1]. 
Let G = (X, U) be a finite digraph where X denotes the set of vertices and U is 
the set of arcs of G. 
A path from vertex x to vertex y is a sequence (x = Xo, x 1 , . . . ,  xn = y) of 
vertices, where 1 ~< n and (xj-1, xj) e U for ] = 1, 2 , . . . ,  n. A path with x = y, we 
call a circuit of length n. 
For xeX,  BoX and ken  let Nk(x)={y:there exists a path (x= 
x0, x l, • • •, xn = y) with n ~< k } and N k (B) = Ux,B N / (x). 
For k e N k/> 2, S c X is a k-kernel of G if: 
(1) Nk-I(S)NS=~'~ 
(2) For each x ~ X /S ,  Nk-~(x) I"1 S ~ f~. 
Theorem 1. For k ~ ~ k >- 3, there exists a finite digraph which has no circuits of  
length nk  + r, n = O, 1, 2 , . . .  and r = 1, 2 , . . . ,  k - 1, and without k-kernel. 
Proof. Let Gk = (X, U) be the digraph defined as follows: 
X= {( i , ] ) : i e  {1, 2 , . . . ,  2k}-  {1, k, 2k -  1},j  e {0, 1 , . . . ,  k -  1}} 
U {(1, 0), (k, 0), (2k -  1, 0)}, 
U= {[(i, O), (i + 1, 0)]: i  e {1, 2 , . . . ,  2k -  1}} 
U {[(2k' 0), (1, 0)]} 
U {[(i, ]), (i, ] + 1)]:i e {1, 2 , . . . ,  2k} - {1, k, 2k - 1}, 
]e  {0, 1 , . . . ,  k -E}} .  
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Fig. 1 
The circuits of Gk have length 2nk, n e N. 
Let us assume that Sk is a k-kernel of Gk. From the definition of k-kernel it 
follows that 
{(i, k -  1):i e {1, 2 , . . . ,  2k}-  {1, k, 2k -  1}} CSk 
and 
{(i,j):i ~ {1, 2 , . . . ,  2k}-  {1, k, 2k -  1}, j e {0, 1 , . . . ,  k -2}}  =S~. 
We only need to know which elements of {(1, 0), (k, 0), (2k - 1, 0)} are in Sk 
and which are not. 
If (1, 0) e Sk, then (k, 0)~Sk and (2k -  1, 0) ¢ Sk. But Nk-X((k, O))NSk =~. 
And if (1, 0) ¢ Sk, then (k, 0) e Sk and (2k - 1, 0) ¢ Sk. But Nk-X((Ek - 1, 0)) N 
Sk=0. 
Therefore Sk is not a k-kernel of Gk. [] 
Figure 1 shows (93. However, this generalization of Richardson's theorem is 
true for strongly connected igraphs. 
Theorem 2 (M. Kwa~nik, [2]). Every finite, strongly connected igraph which 
does not possess circuits of length nk + r, possesses a k-kernel, where k >I 2, 
n =0, 1 , . . .  and 0<r<k.  
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